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LIST OF FORMULAE AND STATISTICAL TABLES (MF15)

PURE MATHEMATICS

Algebraic series

Binomial expansion:

(a+b) =a" + [ﬂ a b+ [Z] a" bt + [;] a"*b® +...+b", where n is a positive

. n n!
integer and =
[FJ ri{n—r)!

Maclaurin’s expansion:

f(x) = f(0) + x £(0) + %f”(o) Fot ﬁ’%f(@ ) +...
1 nt

A+ x)" =1+ nx+

7!
. xz x3 r
' =4+ —+—+ 4+ — 4+
213 rl
3 5 N 2
sinx:x—x—+x—ﬂ...+L+«
31 3 2r+D!
2 4 IV 2T
cosx=1~L+£~—...+%+
21 4 (2r)!
2 3 e L
InQx)=x-S 4 X
2 3 r
FPartial fractions decomposition
Non-repeated linear factors:
px+g A B

= +
(ax+b)ex+d) (ax+b) (cx+d)
Repeated linear factors:

px’ A gx+r A B C

n(n -1 I nn-1)...(n-r+1) o

= + +
(ax+b)cx+d)*  (ax+b) (ex+d) (cx+d)?
Non-repeated quadratic factor:

px+gx+r A L BxrC
(ax+b)(x* +c?) (ax+B) (2% +c?)

List of Formuiae and Statistical Tables | V

([x]<1)
(all x)

{all x)
(all x)

(—l<x1)



Trigonometry
sin{A+ B)=sin AcosB *cos Asin B
cos(4 £ B)=cosAcosB Fsin Asin B

tanA & tanB
IFtanAtanB

sin2A4=2gin AcosA4

tan(d £ B) =

! tan24d = 2tand

I—tan’ 4

sin P+ sin @ =2sin 4 (P +Q)cos3 (P - 0)
sin P —sin Q=2cosi (P +Q)sini (P~ Q)
cos P+ cosQ=2cos3 (P +Q)cos3 (P~ Q)

cosP—cosQ=-2sin (P+Dsin £ (P- )

Principal values:

‘ ; Derivatives

£(x) £/(x)

sin™ x

cos™ x -

tan™ x

1+ x?

SCCx secxtanx
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cos2d=cos? A—sin? A=2¢cos’ A—1=1-2sin? 4

CES)
(K <D

Integrals

(Arbitrary constants are omitted; a denotes a positive constant.)

£(x) J‘f(x)dx
1 ' ] -1 x)
—tan °| —
2 +at a (a
. sin'{i] (|x| < a)
a’ —x* a
1 1 x~a
—In
x* —at 2a [x%«a} (x>a)
1 1 a+x
i ) h<a)
tanx In(secx) (jo <2 7)
cotx - In(sin x) (0<x<m)
cosecx —In{cosecx +cotx) (O<x<m)
secx In(secx + tanx) (W <in)

Vectors

The point dividing AB in the ratio A: 2 has position vector ,u: i =
7

If A is the point with position vector a =a,i -+ a,j+ a;k and the direction vector b is given
by b=5,i+b,j+bk, then the straight line through A with direction vector b has cartesian
equation

- )
s o5 5 Y

The plane through 4 with normal vector m==n,i +n,j+ m;k has cartesian equation

nx+n,y+nz+d=0 where d =—an
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Numerical methods

Euler’s Method with step size A:

yn-l-l =yn +h f(xn ’yn)

Improved Euler Method with step size 4

uiH—.i = yn + h f(xn H yn )

h
yn+1 = yn +_“[f(xnsyn)+f(xn+1 " un+{)]

THE NORMAL DISTRIBUTION FUNCTION

If Z has a normal distribution with mean O and
variance 1 then, for each value of z, the table gives
the value of ®(z), where

B(z)=P(Z < z).

For negative values of zuse ®(—2)=1-0O(2).

z 0 1 2 3 4 5 6

7 8 9

1 23 456789
ADD

2
STATISTICS
Standard discrete distributions
| Distribution of X P(X =x) Mean Variance
Binomial B(#,p) A .
xJp d-p) np np(l - p)
Poisson Po(d) o E_ 4 2
l x!
i

! Sampling and testing

| Unbiased variance estimate from a single sample:
n-—1 H n-1

Regression and correlation

Estimated product moment correlation coefficient:

2
52 =——L(Zx2 _@__)_.Jz__l_z(x_f)l

ZxXy
o SE=R-F) AN
5(x—X) By - ) 1) 2
VEG-3" e -7’ [Exzp_():‘f) J(Eyz_(zJ’) J
n n
Estimated regression line of y on x:
- - Z(x - Xy -J)
—P=b(x~Xx), where b=t x
y—y=bx-x) SO
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Critical values for the normal distribution

1f Z has a normal distribution with mean 0 and
variance 1 then, for each value of p, the table
gives the value of z such that

P(Z<z)=p.
p 0.75 0.90 0.95 0.975 (.99 0,995 0.9975 (.999 0.9995
z 0.674 1.282 1.643 1.960 2,326 2.576 2.807 3.090 3291
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CRITICAL VALUES FOR THE £DISTRIBUTION

If 7 has a t-distribution with v degrees of
freedom then, for each pair of vatues of p and v,
the table gives the value of ¢ such that

P(TsH=p.

p | 075 09 095 | 0975 099 0995 | 0.9975 0999  0.9995
y=1] 1000 3078 6314 | 1271 3182  63.66 | 1273 3183 6366
2| 0816 1886 2920 | 4303 6965 9925 | 1409 2233  31.60
30 0765 1638 2353 | 3182 4541 5841 | 7453 1021 1292
4| 0741 1533 2132 | 2776 3747 4604 | 5598 7173 8610
50 0727 1476 2015 | 2571 3365 4032 | 4773 5894  6.369
6| 0718 1440 1943 | 2447 3143 3707 | 4317 5208 5959
70 0711 1415 1895 | 2365 2998 3499 | 4029 4785  5.408
8] 0706 1397 1860 | 2306 2896 3355 | 3.833 4501 5041
9 0703 1383 1833 | 2262 2821 3250 | 3600 4297 478
10 0700 1372 1812 | 2228 2764 3169 | 3.581 4144 4587
1] 0697 1363 1796 | 2201 2718 3106 | 3497 4025 4437
12 0695 135 1782 | 2179 2681 3055 | 3.428 3930 4318
13| 0694 135 1771 | 2160 2650 3012 | 3372 3852 4221
14| 0692 1345 1761 | 2145 - 2624 2977 | 3326 3787 4,140
15 0691 1341 1753 | 2031 2602 2947 | 3286 3733 4.073
16 069 1337 1746 | 2120 2583 2921 | 3252 3686  4.015
17| 0689 1333 1740 | 2110 2567 2898 | 3222 3.646  3.965
18| 0688 1330 1734 | 2101 2552 2878 | 3197 3610 3.922
19| 0688 1328 1720 | 2093 2539 2861 | 3174 33579  3.883
20| 0687 1325 1725 | 2086  2.528 2845 | 3153 3552 3.850
21| 0686 1323 1721 | 2080 2518 2831 | 3135  3.527  3.819
22| 0686 1321 L1717 | 2074 2508 2819 | 3119 3505 3,792
23| 0685 1319 L714 | 2069 2500 2807 | 3.104 3485 3768
24| 0685 1318 1711 | 2064 2492 2797 | 3.091 3467  3.745
25| 0684 1316 1708 | 2,060 2485 2787 | 3078 3450 3725
26| 0684 1315 1706 | 205 2479 2779 | 3067 3435 3,707
27| 0684 1314 1703 | 2052 2473 2770 | 3057 3421 3.689
28| 0683 1313 1701 | 2048 2467 2763 | 3.047 3408  3.674
20| 0683 1311 1699 | 2045 2462 2756 | 3.038 3396  3.660
30| 0683 1310 1.697 | 2042 2457 2750 | 3030 3385  3.646
40 0681 1303 1.684 | 2021 2423 2704 | 2971 3307 3.551
60 0679 1296 1671 | 2000 2390 2660 | 2915 3232 3460
120f 0677 1289 1658 | 1980 2358 2617 | 2860 3160 3373
| 0674 1282 1645 | 1960 2326 2576 | 2807 3090 3291

X | List of Formulae and Siatistical Tables

pooeeess - MINISTRY OF EDUCATION, SINGAPORE
.1 incollaboration with
. UNIVERSITY OF CAMBRIDGE LOCAL EXAMINATIONS SYNDICATE
¢ . General Certificate of Education Advanced Level
... Higher 2

MATHEMATICS 9740/01
Paper 1 October/November 2014
3 hours
Additional Materials: Answer Paper
Graph paper
List of Formulae {MF15)

READ THESE INSTRUCTIONS FIRST

Write your Gentre number, index number and name on all the work you hand Ih.
Wirite in dark blue or black pen on both sides of the paper.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper ¢lips, glue or correction fluid.

Answer all the questions.

Give non-axact nurerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

You are expected to use an approved graphing calculator.
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Where unsupported answers from a graphing calculator are not allowed in a question, you are required to
present the mathematical steps using mathematical notations and not calcutator commands.
You are reminded of the need for clear presentation in your answers.
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The function f is defined by

1
fixwms = xeR, x# 1, x20

(i) Show that f2(x) = f~'(x). [4]

(1) Find f*(x) in simplified form. [1]

The curve C has equation ¥*y + xy* + 54 = 0. Without using a calculator, find the coordinates of the

point on C at which the gradient is ~1, showing that there is only one such point. 6]
(i) Given that a x b = 0, what can be deduced about the vectors a and b? 2]
(i) Find a unit vector n such that n x (i + 2j — 2k} = 0. f2]
(iti) Find the cosine of the acute angle between i + 2j — 2k and the z-axis. 1
y
A
D

VARV

The diagram shows the curve y = f(x). The curve crosses the x-axis at the points A, & and C, and
has a maximum turning point at D where it crosses the y-axis. The coordinates of A, B, C and D are
(—a, 0), (b, 0), (¢, 0) and (0, d) respectively, where ¢, b, ¢ and ¢ are positive constants,

(i) Sketch the curve y* = f(x), stating, in terms of &, b, ¢ and d, the coordinates of any turning points
and of the points where the curve crosses the x-axis. [4]

(ii) What can be said about the tangents to the curve y* = f(x) at the points where it crosses the
x-axis? [1]

It is given that z = 1 + 2i.

(i) Without using a calculator, find the values of z* and — in cartesian form x + iy, showing your
P

working, (4]

(i) The real numbers p and g are such that pz® + 4 s real. Find, in terms of p, the value of ¢ and
! po

the value of pz* + f; [3]

2 1 2014 Paper 1

(

6

(@) A sequence py, p,, Ps. ... i§ given by

p=1 and p, ., =4p, —Tfornzl.

n+1
(i) Use the method of mathematical induction to prove that

p, =%(71-4"). [5]

(i) Find i 2, [3]

pe=1
of the first n terms of a sequence u, iy, Uy, ... is given by
1

BT (a4 DI

(b} The sum, §

nt

(i) Give areason why the series Lu, converges, and write down the value of the sumn to infinity.

{2]

(i) Find a formula for 1, in simplified form. {2]

e

"
b

\/(ﬁ, ~T)

It is given that f(x) = x° - 3x* — 7. The diagram shows the curve with equation y = f{x) and the line
with equation y = =7, for x 2 0. The curve crosses the positive x-axis at x = @, and the curve and the
line meet where x = 0 and x = f.

(i) Find the value of ¢, giving your answer correct to 3 deciimal places, and find the exact value of j.

[2]

. -
(ii) Evalvate J f(x)dx, giving your answer correct to 3 decimal places. 2]
i

(iif) Find, in terms of /3, the area of the finite region bounded by the curve and the line, for x = 0.

(3]

(iv) Show that f(x) = f(~x). What can be said about the six roots of the equation f(x) = 07? [4]

2014 Paper1 | 3
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It is given that f(x) = , where -3 < x < 3.

1
V(9 -4?)
(i) Write down Jf(x) dx. [1]

(i) Find the binomial expansion for f(x), up to and including the term in x°, Give the coefficients as
exact fractions in their simplest form. [4)

(iti) Hence, or otherwise, find the first four non-zero terms of the Maclaurin series for sin™! (%.x) Give
the coefficients as exact fractions in their simplest form. : (4]

Planes p and g are perpendicular. Plane p has equation x + 2y — 3z = 12, Plane ¢ contains the line

x-1 y+1 z~3

with equation . The point A on [ has coordinates (1, —1, 3).

2 ~1 7 4
(i) Find a cartesian equation of q. (4]
(ii) Find a vector equation of the line m where p and g meet. {4]

(iii) B is a general point on m. Find an expression for the square of the distance AB. Hence, or
otherwise, find the coordinates of the point on m which is nearest to A. [5]

The mass, x grams, of a certain substance present in a chemical reaction at time 7 minutes satisfies the
differential equation

—— [ 2
0 k(1 +x—x%),
where 0 €x < % and k is a constant. It is given that x = % and %{:— = ——& when ¢ = 0.
(i) Show that & = —1. ' [1]
(it) By first expressing [ +x - x%in completed square form, find ¢ in terms of x. [5]

(iiy Hence find

(a) the exact time taken for the mass of the substance present in the chemical reaction to become
half of its initial value, {1

(b} the time taken for there to be none of the substance present in the chemical reaction, giving
your answer correct to 3 decimal places. [1]

(iv) Express the solution of the differential equation in the form x = f(#) and sketch the part of the
curve with this equation which is relevant in this context. [5]

| 2014 Paper 1
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[It is given that the volume of a sphere of radius r is %xr:‘ and that the volume of a circular cone with

base radins r and height h is {zr*h.]

A toy manufacturer makes a toy which consists of a hemisphere of radius rcm joined to a circular
cone of base radius »cm and height 2 cm (see diagram). The manufacturer determines that the length
of the slant edge of the cone must be 4 cm and that the total volume of the toy, V cm?, should be as
large as possible.

(i) Find a formula for V in terms of r. Given that r = r, is the value of r which gives the maximum

value of V, show that r, satisfies the equation 451 — 7681 + 1024 = 0. [6]
(ii) Find the two solutions to the equation in part () for which r > 0, giving your answers correct to
3 decimal places. [2]
(ifi) Show that one of the solutions found in part (ii) does not give a stationary vatue of V. Hence
write down the value of #, and find the corresponding value of 4. £3]
(iv) Sketch the graph showing the volume of the toy as the radius of the hemisphere varies. (3]
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Give non-exact numaetrical answers corract to 3 significant figures, or 1 decimal place in the case of angles in
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You are expected to use an approved graphing calculator.
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Section A: Pure Mathematics [40 marks] ‘ 4 (a) The complex number z satisfies |z + 5 — i| = 4.

1 A curve C has parametric equations (i) On an Argand diagram show the locus of z, [2]

(i) The complex number z also satisfies |z — 6i| = |z + 10 + 4i|. Find exactly the possible values

. o
x=31", y=0L of z, giving your answers in the form x + iy. [4]

(i) Find the value of ¢ at the point on C where the tangent has gradient 0.4, [3] (b) Ttis given that w = (¥3) —1.

(if) The tangent at the point P (3p%, 6p) on C meets the y-axis at the point D. Find the cartesian () W_i;hout using a calculator, find an exact expression for w®. Give your answer in the form
i sl o g
equation of the locus of the mid-point of PD as p varies. [4] re”, where r >0 and 0 < 8 < 2r. [3]

(ii) Without using a calculator, find the three smallest positive whole number values of i for
H

] W,
2 Using partial fractions, find which TFisa real number. (4]
O tx-13
D : . -
o (2% —5)(x"+9) Section B: Statistics [60 marks]
. . _ .| , ) . . . ‘ .
Give your answer in the form alnb + ctan™ d, whete g, b, ¢ and d are rational pumbers to be 5  An internet retailer has compiled a list of 10000 regular customers and wishes to carry out a survey

determined ] of customer opinions involving 5% of its customers.

- . . . . " ! i} Describe how the marketing manager could choose customers for this survey using systematic
3 In a training exercise, athletes run from a starting point O to and from a series of points, A, A,, i ® ) g a8 Y g5y ‘

. . . . . . i sampling. 2
A,, ..., increasingly far away in a straight line. In the exercise, athletes start at O and run stage 1 j amphing 2]
from O to A, and back to O, then stage 2 from O to 4, and back to O, and 50 on. [ (ii) Give one advantage and one disadvantage of systematic sampling in this context. [2]

(i) . ' \ ¥ ) 1 1 1 b e e mant i i
O 4m A} 4m Ay 4m Az 4m Ay 4m Ag 4m Ag 4m Ay 4m Ag ‘ 6 A team in a particular sport consists of 1 goaikeeper, 4 defenders, 2 midfielders and 4 attackers. A

Fig. 1 certain club has 3 goalkeepers, 8 defenders, 5 midfielders and 6 attackers.

(i) How many different teams can be formed by the club? [2]

In Version 1 of the exercise, the distances between adjacent points are all 4 m (see Fig. 1),

. ) . . ‘ One of the midfielders in the club is the brother of one of the attackers in the club.
(a) Find the distance run by an athlete who completes the first 10 stages of Version 1 of the

CXEIcIse. 2] J (ii) How many different teams can be formed which include exactly one of the two brothers?  {3]
(b) Write down an expression for the distance run by an athlete who completes n stages of . . _
Version 1. Hence find the least number of stages that the athlete needs to complete to tun The two brothers leave the club. The club manager decides that one of the remaining midfielders can
at least 5 km. (4] Q play as either a midfielder or as a defender.
(i) , (il) How many different teaims can now be formed by the club? {31
) [ 1 1 L Ls rt o e e L
O 4m Al 4m A, &m Az 16 m Ay |
Fig. 2 : 7  Yan is carrying out an experiment with a fair 6-sided die and a biased 6-sided die, each numbered
i from 1 to 6.
In Version 2 of the exercise, the distances between th‘”{ points are such that QA: = 4m,f'1|A2 =4m, () Yan rolls the fair die 10 times. Find the probability that it shows a 6 exactly 3 times. [1]
i AAy=8mandA A, | = 24, A, (see Fig. 2). Write down an expression for the distance run ;
| by an‘athlete who completes n stages of Version 2. Hence find .the diSti}“Cf" from O, and the _' (if) Yan now rolls the fair die 60 times. Use a suitabie approximate distribution, which should be
| direction of travel, of the athlete after he has run exactly 10km using Version 2. [5] : stated, to find the probability that the die shows a 6 between 5 and 8 times, inclusive. [3]

The probability that the biased die shows a 6 is {k.

(iii) Yan rolls the biased die 60 times. Use a suitable approximate distribution, which should be
stated, to find the probability that the biased die shows a 6 between 5 and 8 times, inclusive. [3]

2 | 2014 Paper 2 : 2014 Paper 2 | 3




8

(a) Sketch a scatter diagram that might be expected when x and y are related approximately by
y = px? + t in each of the cases (i) and (ii} below. In each case your diagram should include
6 points, approximately equally spaced with respect to x, and with all x-values positive.

(1) p and ¢ are both positive.

(ii) p is negative and ¢ is positive.

[2]

(b) The ages in months (#2) and prices in dollars (P) of a random sample of ten used cars of a certain
model! are given in the table.

Ht 11 20 28 36 40 47 58 62 68 75
P | 112800 [ 102600 | 76500 | 72000 | 72000 | 69000 | 65800 | 57000 | 50600 | 47 600

It is thonght that the price after m months can be modelled by one of the formulae
P=am+b, P=clnm+d,

where a4, b, ¢ and d are constants,

(i) Find, correct to 4 decimal places, the value of the product moment correlation coefficient

between
(A) mand P,
B) mmand P.
[2]
(i) Explain which of P = am + b and P = cInm + d is the better model and find the equation
of a suitable regression line for this model. [3]

(iif) Use the equation of your regression line to estimate the price of a car that is 50 months old.

(1]

The number of minutes that the 0815 bus arrives late at my local bus stop has a normal distribution;
the mean number of minutes the bus is late has been 4.3. A new company takes over the service,
claiming that punctuality will be improved. After the new company takes over, a random sample
of 10 days is taken and the number of minutes that the bus is late is recorded. The sample mean

is 7 minutes and the sample variance is k% minutes®. A test is to be carried out at the 10% level of (

significance to determine whether the mean number of minutes late has been reduced.
(i) State appropriate hypotheses for the test, defining any symbols that you use. [2]

(i) Given that k% = 3.2, find the set of values of I for which the result of the test would be that the
null hypothesis is not rejected., [41

(iii) Given instead that { = 4.0, find the set of values of k? for which the result of the test would be to
reject the null hypothesis. 31
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A game has three sets of ten symbols, and one symbol from each set is randomly chosen to be
displayed on each turn. The symbols are as follows,

Set | + + + + '3 ® x o) *
Set2 + 4 + X o 0 Q (s} * *
Set3 + + x ® b4 *® o) o) 0 +*

For example, if a + symbol is chosen from set 1, a © symbol is chosen from set 2 and a % symbol is
chosen from set 3, the display would be + O %,

(i) Find the probability that, on one turn,

(a) * % % is displayed, [1]
(b) at least one % symbol is displayed, (2]
(¢) two X symbols and one + symbol are displayed, in any order. [3]

(ii) Given that exactly one of the symbols displayed is %, find the probability that the other two
symbols are + and 0, [4]

11 An art dealer sells both original paintings and prints. (Prints are copies of paintings.) It is to be

assumed that his sales of originals per week can be modelled by the distribution Po(2) and his sales
of prints per week can be modelled by the independent distribution Po(11).

(1) Find the probability that, in a randomly chosen week,
(a) the art dealer sells more than 8 prints, [2]

(b} the art dealer sells a total of fewer than 15 prints and originals combined. [2]
(i) The probability that the art dealer sells fewer than 3 originals in a period of # weeks is less than
0.01. Express this information as an inequality in n, and hence find the smallest possible integer
value of n. [5]

(iif) Using a suitable approximation, which should be stated, find the probability that the art dealer
sells more than 550 prints in a year (52 weeks). [3]

(iv) Give two reasons in context why the assumptions made at the start of this question may not be
valid. 2]
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